A description of the properties of L-series with complex characters is given. By using these, together with the more familiar L-series with real characters, it is shown how certain two-dimensional lattice sums, which previously could not be put into closed form, may now be expressed in this way.
Introduction
Lattice sums are expressions of the form X l FðlÞ; ð1:1Þ
where the vectors l range over a d-dimensional lattice. The reduction of multiple sums to products of single sums, when accomplished, provides an elegant decrease in complexity. If this can be done, we shall refer to the multiple sums as having been solved 'exactly'. There are many examples of this in the literature, where two-and higher dimensional lattice sums may be solved exactly in terms of Dirichlet L-series (Glasser & Zucker 1980; Zucker & Robertson 1984; Zucker 1990 ), but in this communication our concern is with two-dimensional sums for which much more is known. The classic example in this case, often ascribed to Hardy (1920) but first given by Lorenz (1871) , is The first series on the r.h.s. of (1.2) represents the well-known Riemann zeta function for sO1. The second series is also well known and often referred to as the Catalan beta function. Both of these are examples of series introduced by Dirichlet in order to prove a famous theorem in number theory, namely if k and l are relatively prime integers then the arithmetic progression knCl contains an infinite number of primes. Here we first survey the properties of L-series, which are relevant to lattice sums discussed below.
Elementary L-series (modulo k) are given by
c k ðnÞ n s ; ð1:3Þ where k will be referred to as the period or order of the L-series. In (1.3) c k is called a character. It is a multiplicative function and periodic in k and is defined as follows. For m, n integers c k ð1Þ Z 1; c k ðn C kÞ Z c k ðnÞ; c k ðmnÞ Z c k ðmÞc k ðnÞ; c k ðnÞ Z 0 ifk and n have a common factor s1:
It was shown by Dickson (1939) that c k can assume values that are only the f(k)'th roots of unity, where f(k) is the Euler totient function that gives the number of positive integers less than k, which are relatively prime to k. Thus characters may be real or complex. The properties of L-series with real characters are well known and have been given elsewhere, e.g. Ayoub (1963) and Zucker & Robertson (1976) . However, the properties of L-series with complex characters seem less widely known and their attributes are described here. First, for completeness, we summarize the properties of real character L-series.
Properties of L-series with real characters
All L-series are divided into two types according to whether c k (kK1)ZG1. If c k (kK1)ZC1, the series will be said to have positive parity. For such series, the signs of the characters will be mirrored exactly in the midpoint of the series. If c k (kK1)ZK1, the signs of the characters will be mirrored with opposite signs. For real characters, it may be shown that c k ZG1. Theorems apposite to such c k and given in Ayoub (1963) show that the only possible characters are given by the Legendre-Jacobi-Kronecker symbol, c k (n)Z(njk). The number of independent real character L-series is then found to be as follows. Let PZ1 or P be a product of all different primes, i.e. P is odd and square-free, then (i) if kZP there is just one primitive L-series, (ii) if kZ4P there is just one primitive L-series, (iii) if kZ8P there are two primitive L-series, and (iv) if kZ2P, 2 a P where aO3, or P is not square-free, there are no primitive L-series.
The definition of a primitive L-series is complicated. A good account is given by Ayoub (1963) , and it is discussed fully by Zucker & Robertson (1976) .
The parity of a real L-series is determined as follows.
If kZPh1 (mod4), the L-series has positive parity. If kZPh3 (mod4), the L-series has negative parity. If kZ4P with Ph3 (mod4), the L-series has positive parity. If kZ4P with Ph1 (mod4), the L-series has negative parity. If kZ8P, there is an L-series of each type.
The suffix k will be signed according to whether c k (kK1)ZG1. If s is a positive integer, then explicit formulae for L Kk (2sK1) and L k (2s) may be established. They are where R(k) and R 0 (k) are rational numbers. It is also known that
ð2:5Þ
where h(k) is the class number of the binary quadratic form of discriminant k and e 0 is the fundamental unit of the number field Qð ffiffi ffi k p Þ. Some examples of real character L-series, which are relevant to this report, are given below. It is pertinent here to introduce another notation for L-series, which emphasizes their periodicity. Let
The Riemann zeta function is thus expressed as
The Catalan b function is
Other real character L-series that will be used here are L K3 ðsÞ Z ð3; 1ÞKð3; 2Þ;
L 5 ðsÞ Z ð5; 1ÞKð5; 2ÞKð5; 3Þ C ð5; 4Þ; L K7 ðsÞ Z ð7; 1Þ C ð7; 2ÞKð7; 3Þ C ð7; 4ÞKð7; 5ÞKð7; 6Þ;
L K8 ðsÞ Z ð8; 1Þ C ð8; 3ÞKð8; 5ÞKð8; 7Þ;
L 8 ðsÞ Z ð8; 1ÞKð8; 3ÞKð8; 5Þ C ð8; 7Þ;
L 12 ðsÞ Z ð12; 1ÞKð12; 5ÞKð12; 7Þ C ð12; 11Þ;
L K20 ðsÞ Z ð20; 1Þ C ð20; 3Þ C ð20; 7Þ C ð20; 9ÞKð20; 11ÞKð20; 13Þ Kð20; 17ÞKð20; 19Þ;
L 28 ðsÞ Z ð28; 1Þ C ð28; 3ÞKð28; 5Þ C ð28; 9ÞKð28; 11ÞKð28; 13ÞKð28; 15Þ
Kð28; 17Þ C ð28; 19ÞKð28; 23Þ C ð28; 25Þ C ð28; 27Þ:
ð2:8Þ
In addition to these, there is always one further real L-series of period k formed by all the characters c k (n) being equal to 1, but this can be shown to be equal to Pð1Kp
Ks n ÞL 1 ðsÞ, where p n are all the different prime factors of k. This is illustrated below for kZ5 by making use of the expansion property of (k, l ), thus ðk; lÞ Z ð2k; lÞ C ð2k; k C lÞ Z ð3k; lÞ C ð3k; k C lÞ C ð3k; 2k C lÞ /: have been found exactly using real L-series. Some examples are Glasser & Zucker (1980) , supplemented by others in Zucker & Robertson (1984) and Zucker (1990) . In a recent work (McPhedran et al. 2007) related to the Green's function connected with sums over the square lattice, displaced lattice sums of the form Sðp; r; j; sÞ Z Sðp; r; jÞ Z X
were encountered. There were also associated phased lattice sums sðp; r; j; sÞ Z sðp; r; jÞ Z X ðm;ns0;0Þ
with the displaced and phased lattice sums connected by the Poisson summation formula. It was found possible to solve S(p, r, j ) for all jZ2-4 in terms of real L-series, but for jZ5 no such similar solutions, apart from S(1, 2, 5), were found. This prompted us to look for solutions in terms of complex character L-series. Whereas the properties of real L-series are well known, complex L-series seem less well documented, and in the §3 some account of them is given.
Properties of L-series with complex characters
We first list all the possible L-series with both the real and complex characters for periods kZ1-10 and for kZ16. For k, a prime, these are found by taking each f(k)th root of unity in turn and using the rules for characters given in (1.4) to produce a given series always starting with C1 for the first term. If k has factors, then these factors also have period k and will reduce the number of independent L-series of period k. This will become evident from the following:
kZ3, f(3)Z2; as 1 and 2 are relatively prime to 3, there are two possible order 3 L-series ð3; 1Þ C ð3; 2Þ Z 
kZ6, f(6)Z2; 1 and 5 are relatively prime to 6. There are just two possible L-series, both real and both of order lower than 6
ð6; 1Þ C ð6; 5Þ Z ð1K2 Ks Þð1K3 Ks ÞL 1 ; ð6; 1ÞKð6; 5Þ Z ð1 C 2 Ks ÞL K3 : ð3:2Þ kZ7, f(7)Z6; 1, 2, 3, 4, 5, 6 are relatively prime to 7. The sixth roots of unity are 1, K1, u, Ku, u 2 , Ku 2 where uZexp (ip/3). The six possible Lseries are ð7; 1Þ C ð7; 2Þ C ð7; 3Þ C ð7; 4Þ C ð7; 5Þ C ð7; 6Þ Z ð1K7
Ks ÞL 1 ;
ð7; 1Þ C ð7; 2ÞKð7; 3Þ C ð7; 4ÞKð7; 5ÞKð7; 6Þ Z L K7 ;
ð7; 1Þ C u 2 ð7; 2Þ C uð7; 3ÞKuð7; 4ÞKu 2 ð7; 5ÞKð7; 6Þ Z L u 2 K7 ; ð7; 1ÞKuð7; 2ÞKu 2 ð7; 3Þ C u 2 ð7; 4Þ C uð7; 5ÞKð7; 6Þ Z L Ku K7 ;
ð7; 1Þ C u 2 ð7; 2ÞKuð7; 3ÞKuð7; 4Þ C u 2 ð7; 5Þ C ð7;
ð7; 1ÞKuð7; 2Þ C u 2 ð7; 3Þ C u 2 ð7; 4ÞKuð7; 5Þ C ð7; 6Þ Z L Ku 7 : ð8; 1Þ C ð8; 3Þ C ð8; 5Þ C ð8; 7Þ Z ð1K2 Ks ÞL 1 ;
ð8; 1ÞKð8; 3Þ C ð8; 5ÞKð8; 7Þ Z L K4 ;
ð8; 1Þ C ð8; 3ÞKð8; 5ÞKð8; 7Þ Z L K8 ;
ð8; 1ÞKð8; 3ÞKð8; 5Þ C ð8; 7Þ Z L 8 : ð9; 1ÞKwð9; 2Þ C w 2 ð9; 4Þ C w 2 ð9; 5ÞKwð9; 7Þ C ð9; 8Þ Z L Ku 9 : 
f(16)Z8; are 1, 3, 5, 7, 9, 11, 13, 15 are relatively prime to 16, and there are eight L-series. As f(k) gets larger, the depiction of L-series in (k, l ) symbols can become unwieldy. It is thus convenient here to introduce a slightly modified notation, namely a signed (k, l ) symbol defined by ðk; lÞ C dðk; lÞ C ðk; k KlÞ; ðk; lÞ K dðk; lÞKðk; k KlÞ:
This enables us to halve the number of symbols required to show an L-series. It will be seen that positive parity series are described entirely by (k, l ) C symbols and negative parity series by (k, l ) K symbols. Thus, for kZ16 we have ð16; 1Þ C C ð16; 3Þ C C ð16; 5Þ C C ð16; 7Þ C Z ð1K2 Ks ÞL 1 ;
ð16; 1Þ K Kð16; 3Þ K C ð16;
ð16; 1Þ C Kð16; 3Þ C Kð16; 5Þ C C ð16; 7Þ C Z L 8 ;
ð16; 1Þ K Kið16; 3Þ K Kið16;
ð16; 1Þ C C ið16; 3Þ C Kið16; 5Þ C Kð16; 7Þ C Z L i 16 ;
ð16; 1Þ C Kið16; 3Þ C C ið16; 5Þ C Kð16;
These results illustrate most of the properties that have been observed with complex L-series and allow us to make the following conjectures regarding them.
(i) The number of positive parity series always equals the number of negative parity series. (ii) The number of complex character positive parity L-series is even and they divide into pairs of complex conjugates. The same is true for complex character L-series with negative parity. (iii) The first and last terms of all L-series are always real. (iv) Knowing the parity of the series and the first non-real term, then, using the properties of characters given in (1.4), the coefficients of all the other terms may be established. It allows us to create a concise notation for complex L-series. The subscript gives the parity and period, while the superscript gives the coefficient of the first non-real term, and this specifies the given series completely. (v) The number of (k, l ) symbols needed to specify a given L-series equals the number of L-series for a given k. Thus, every (k, l ) is expressible as a linear combination of L-series of period k.
We note from the above that for kZ6, 10 the inclusion of complex L-series does not yield any L-series with these periods, and this has been found for kZ 14 and 18. So part of the statement made in §2 regarding real L-series seems to hold for complex L-series, namely if k is equal to twice an odd number no L-series of such a period exists. It would appear that this is the result of the fact that f(2n)Zf(n) if n is an odd number. However, whereas for real L-series if k is a perfect square greater than 4 no such period L-series are found, it is seen here that for such k complex L-series of that period do exist.
It is necessary to point out here that all the statements made about real L-series made in §2 have been proved, whereas the conjectures (i-v) made in this section about complex L-series have not been proved.
Expressions for S(p, r, j ) in closed form for jZ2-10
It is easily seen that S(p, r, j )ZS(jKp, jKr, j ), so all the independent S for a given j will be found by allowing both p and r to take on all values up to and including j/2. Then the displaced lattice sums may be expressed as the following Mellin transform: 
For these j values, all the independent S( p, r, j ) may be expressed in terms of Q(1, 0, l) using (2.11), thus Sð0; 0; 6Þ Z Qð1; 0; 1Þ; Sð3; 3; 6Þ Z 2 2s ½ð1 C2 K2s ÞQð1; 0; 1ÞK2Qð1; 0; 4Þ: 
Q(1, 0, 36) and Q(4, 0, 9) cannot be individually found. 1 However, it will be seen that G[Q(1, 0, 36)CQ(4, 0, 9)] appear together in three of the cases considered, and it may be shown via the theory of which numbers the binary quadratic forms (m Whether or not Q(1, 0, 36) or Q(4, 0, 9) may be individually expressed in terms of Dirichlet series with complex characters is still an open question. For jZ5, the previous method can be used to establish one factorization (Zucker 1990) Sð1; 2; 5Þ Z ð5 s K1ÞL 1 ðsÞL K4 ðsÞ: ð4:10Þ
The other results for jZ5 all involve Dirichlet series with complex characters and have been obtained (McPhedran et al. 2007 ) by evaluating coefficients c n in the expansion Sðk; l; 5ÞZ P N nZ1 c n =n s for a sufficient set of c n . These may be compared with the corresponding expansions generated from appropriate combinations of Dirichlet functions, where, if a product with a pair of complex characters occurs, this must be accompanied by the product with complex conjugated characters, to ensure a real result for Im (s)Z0. The following two complex L-functions of order 20 were required: L i 20 ðsÞ Z ð20; 1Þ C C ið20; 3Þ C Kið20; 7Þ C Kð20; 9Þ C ; L Ki 20 ðsÞ Z ð20; 1Þ C Kið20; 3Þ C C ið20; 7Þ C Kð20; 9Þ C : Note that in the expansion of S( p, r, j ) as a sum over factors 1/n s , all terms with non-zero coefficients have nZ ðp 2 C r 2 Þ mod ðj Þ. For jZ5, each modulus value 1, 2, 3, 4, 5 occurs only once.
Following the method described above for jZ5, it has been possible to find similar results for larger values of j. For jZ7, there are nine independent lattice sums. Of these three on their own were solved. Pairs of the other six sums could also be evaluated in terms of real and complex L-series. New complex L-series of order 28 were required and these were ð28; 1Þ K C uð28; 3Þ K C u 2 ð28; 5Þ K C u 2 ð28; 9Þ K C uð28; These three sums that have been solved have expansions with terms with values 6, 5, 3 (mod7), respectively, Sð0; 1; 7Þ C Sð2; 2; 7Þ Z 7 2s 6 ½b7ðsÞ C c71ðsÞ C c72ðsÞ; Sð0; 3; 7Þ C Sð1; 1; 7Þ Z 7 2s 6 ½b7ðsÞKc73ðsÞKc74ðsÞ;
Sð0; 2; 7Þ C Sð3; 3; 7Þ Z 7 2s 6 ½b7ðsÞ C c75ðsÞ C c76ðsÞ:
The three sets of pair relations contain terms with values of 1, 2, 4 (mod7), respectively. The following three individual sums have been found:
Sð1; 2; 8Þ Z 2 6sK3 ½a8ðsÞ C c82ðsÞ; Sð1; 3; 8Þ Z 2 5sK2 a8ðsÞ; Sð2; 3; 8Þ Z 2 6sK3 ½a8ðsÞKc82ðsÞ:
The six remaining independent sums occur as three pairs Sð0; 1; 8Þ C Sð1; 4; 8Þ Z 2 6sK2 ½b8ðsÞ C c81ðsÞ; Sð0; 3; 8Þ C Sð3; 4; 8Þ Z 2 6sK2 ½b8ðsÞKc81ðsÞ;
Sð1; 1; 8Þ C Sð3; 3; 8Þ Z 2 5sK1 b8ðsÞ:
For jZ9 where there are 12 independent terms, the following L-series of order 36 were required: The 12 sums divide into six pairs giving Sð2; 2; 9Þ C 2Sð1; 4; 9Þ Z 9 2s 6 ½ða9ðsÞ C c91ðsÞKc92ðsÞÞ; Sð1; 1; 9Þ C 2Sð2; 4; 9Þ Z 9 2s 6 ½ða9ðsÞKc93ðsÞ C c94ðsÞÞ; Sð4; 4; 9Þ C 2Sð1; 2; 9Þ Z 9 2s 6 ½ða9ðsÞ C c95ðsÞKc96ðsÞÞ; Sð0; 1; 9Þ C 2Sð1; 3; 9Þ Z 9 2s 6 ½ðb9ðsÞ C c91ðsÞ C c92ðsÞÞ; Sð0; 4; 9Þ C 2Sð3; 4; 9Þ Z 9 2s 6 ½ðb9ðsÞKc93ðsÞKc94ðsÞÞ;
Sð0; 2; 9Þ C 2Sð2; 3; 9Þ Z 9 2s 6 ½ðb9ðsÞ C c95ðsÞ C c96ðsÞÞ:
These results as displayed are associated with terms having values 8, 2, 5, 1, 7, 4 (mod9), respectively. The similarity between these results and those of jZ7 is noteworthy.
For jZ10 there are 13 independent terms, and the complex L-series of order 20 given for jZ5 were required. Let It appears to us that there is no apparent reason why similar results cannot be found for larger values of j. However, at this stage we have no rules for determining which particular S( p, r, j ) or combination of such terms can be put into closed form and some criteria are desirable in order to go further.
Exact solutions of a lattice sum involving an indefinite quadratic form
Efforts to solve Q(a, b, c) in terms of L-series have concentrated on the case when the binary quadratic form am 2 C bmnC cn 2 is positive definite, i.e. aO0 and the discriminant b 2 K4ac! 0. Following Lorenz (1871), who found an exact form for T(1, 0, K1) defined in (5.1) below, Zucker & Robertson (1984) For rZ1-6 it was found possible to find solutions in terms of squares of positive parity real L-series, but for larger values of r no such solutions could be found. Now it was noted in §3 that every (k, l ) is expressible as a linear combination of L-series of period k if the complex L-series are included. Thus, in principle, (5.2) may be written in L-series for every r. To illustrate this, closed forms for rZ1-13 have been evaluated and the outcome displayed in These results show that, in addition to squares of positive parity L-series with real characters, products of pairs of positive parity complex L-series will in general be required to solve T(1, 0, Kr 2 ). It is apparent that with sufficient labour there is no limit to which one may go, but until now no clear pattern has yet emerged. We have established numerically, but not analytically, the following functional equation: It may also be shown that T has the following expansion near its second-order pole at sZ1:
g 1 is the first Stieltjes constant and C(r) is a constant depending on r. The first three are C ð1Þ Z 2 log 2 2; C ð2Þ Z 3 2 log 2 2; Cð3Þ Z 2 3 log 2 2 C 1 3 log 2 3:
The expansion near sZ0 is then Tð1; 0;Kr 2 ; sÞ Z 1 C 2 log p r s C Oðs 2 Þ: ð5:7Þ 
Conclusion
It has been found that certain two-dimensional lattice sums, which hitherto were not expressible in closed form, may now be written exactly if L-series with complex characters are employed. This increases considerably the number of two-dimensional lattice sums that can be expressed in closed form. An obvious question is can complex character L-series play a role in higher dimensional sums, and this may be an interesting path to pursue. 
